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, $\mathrm{K}(H)$ , $\mathrm{F}(H)$
, $\mathrm{F}_{n}(H)$ $n$ . $\mathrm{B}(H)$
$||\cdot||$ . .
[GK] .
1 $\{0\}\neq \mathfrak{S}\subseteq \mathrm{B}(H)$ $||\cdot||_{6}$
(symmetric norm) .$\cdot$
(1) $||XT\mathrm{Y}||_{6}\leq||X||\cdot||\mathrm{Y}||\cdot||T||_{6},$ $(X, \mathrm{Y}\in \mathrm{B}(H),$ $T\in \mathfrak{S})$
(2) $||T||_{6}=||T||$ . $(T\in \mathrm{F}_{1}(H))$
$(\mathfrak{S}, ||\cdot||_{6})$ , 6
(symmetrically normed ideal) .









$=$ { $(a_{n})_{n\in \mathrm{N}}|a_{n}\in \mathbb{R}$ , 4 $a_{n}=0$ }
.
4 $\Phi$ : $\hat{c}arrow \mathbb{R}$ (symmetric norming
function) .$\cdot$
(1) $\Phi$ : norm on $\hat{c}$,
(2) $\Phi((1,0,0, \ldots))=1$ ,
(3) $\Phi((a_{n})_{n\in \mathrm{N}})=\Phi((|a_{\pi(n)}|)_{n\in \mathrm{N}})$ for any bijection $\pi$ : $\mathrm{N}arrow \mathrm{N}$.
5 $\Phi$ $T\in \mathrm{K}(H)$ ,














9 $1\leq p\leq\infty$ ,
$\Phi_{p}(a)=||a||_{p}=\{$
$\sup_{n\in \mathrm{N}}|a_{n}|$ if $p=\infty$ ,
$( \sum_{n=1}^{\infty}|a_{n}|^{p})^{1/p}$ if $p<\infty$ ,
, $\mathfrak{S}_{\Phi_{\infty}}=\mathrm{K}(H),$ $\mathfrak{S}_{\Phi_{\mathrm{p}}}=\mathrm{C}_{p}(H)$ .
$(\mathrm{K}(H), ||\cdot||),$ $(\mathrm{C}_{p}(H), ||\cdot||_{p})$ .
10 $1<p\leq\infty$ $\Phi_{p}^{-}$ .$\cdot$
$\Phi_{p}^{-}(a)=\sum_{n=1}^{\infty}a_{n}^{*}n^{-1+1/p}$ .
$(\mathrm{C}_{p}^{-}(H), ||\cdot||_{p}^{-})=(\mathfrak{S}_{\Phi_{\overline{\mathrm{p}}}}, ||\cdot||_{\Phi_{\overline{\mathrm{p}}}})$ .
$p=\infty$ $\mathrm{C}_{\infty}^{-}(H)$ Macaev .
11 $1\leq p<\infty$ $\Phi_{p}^{+}$
.$\cdot$
$\Phi_{p}^{+}(a)=rightarrow\frac{\sum_{n_{-}^{-}1}^{K}a_{n}^{*}}{\sum_{n=1}^{K}n^{-1/p}}$ .
$(\mathrm{C}_{p}^{+}(H), ||\cdot||_{p}^{+})=(\mathfrak{S}_{\Phi_{\mathrm{p}}}+, ||\cdot||_{\Phi_{\mathrm{p}}}+)$ .
$\mathfrak{S}_{\Phi_{\mathrm{p}}^{+}}\neq \mathfrak{S}_{\Phi_{\mathrm{p}}^{+}}^{(0)}$
.
12 $\mathrm{C}_{p}(H),$ $\mathrm{C}_{p}^{-}(H),$ $\mathrm{C}_{p}^{+}(H)$
.$\cdot$ $1\leq p<q<r\leq\infty$ ,
$\mathrm{C}_{p}(H)\subset {}_{\neq}\mathrm{C}_{q}^{-}(H)\subset {}_{\neq}\mathrm{C}_{q}(H)\neq\subset \mathrm{C}_{q}^{+}(H)\subset {}_{\neq}\mathrm{C}_{r}(H)$
. $1/p+1/q=1(p>1)$ ,
$\mathrm{C}_{p}(H)^{*}$ $\simeq \mathrm{C}_{q}(H)$ ,







13 $\tau=(T_{1}, \ldots, T_{N})\in \mathrm{B}(H)^{N}$
$\Phi$ ,
$k_{\Phi}( \tau)=\lim_{A\in \mathrm{F}(H}\inf_{)_{+}^{1}}\max_{1\leq i\leq N}||AT_{i}-T_{i}A||_{\Phi}$
. ,
$\mathrm{F}(H)_{+}^{1}=\{A\in \mathrm{F}(H)|0\leq A\leq I\}$
. $k_{p}(\tau)=k_{\Phi_{\mathrm{p}}}(\tau),$ $k_{p}^{-}(\tau)=$
$k_{\Phi_{\mathrm{p}}^{-}}(\tau)$ .
14 $\Phi$ $\tau$ (quasicentral
approximate unit) ,
$\mathrm{s}-\lim_{narrow\infty}A_{n}=I$ ,
$\lim_{narrow\infty}||A_{n}T_{i}-T_{i}A_{n}||\mathrm{e}=0$ for any $1\leq i\leq N$,
$\{A_{n}\}$ $\subseteq \mathrm{F}(H)_{+}^{1}$ .
$k_{\Phi}(\tau)=0$
.
15 $X\subseteq \mathrm{B}(H)$ (diagonal) , $\{\xi_{n}\}_{n=1}^{\infty}$
$\lambda_{n}(T)\in \mathbb{C},$ $(n\in \mathrm{N}, T\in X)$ ,
$T\xi_{n}=\lambda_{n}(T)\xi_{n}$
.
16([Voil, Corollary 2.6]) $\Phi$
$\tau=(T_{1}, \ldots, T_{N})\in \mathrm{B}(H)^{N}$ :
(1) $k_{\Phi}(\tau)=0$ .
(2) $\epsilon>0$ , $S_{1},$ $\ldots,$ $S_{N}\in$
$\mathrm{B}(H)$ ,
$T_{\dot{l}}-S_{i}\in \mathfrak{S}_{\Phi}^{(0)}$ ,




17 $([\mathrm{V}\mathrm{o}\ovalbox{\tt\small REJECT})$ $\tau\ovalbox{\tt\small REJECT}(L, \ldots, \ovalbox{\tt\small REJECT})C$




18([VOi3]) $H$ \mbox{\boldmath $\tau$} $=(T_{1}, \ldots, T_{N})$
.
(1) $k_{p}(\tau)=0$ or $\infty$ .
(2) $\mathrm{C}_{\infty}^{-}(H)\neq\subset \mathfrak{S}_{\Phi}^{(0)}\Rightarrow k_{\Phi}(\tau)=0$ .
(3) $k_{\infty}^{-}(\tau)<\infty$ .
(4) $\tau_{N}=(T_{1}, \ldots, T_{N})$
$(I- \sum_{i=1}^{N}T_{i}T_{i}^{*})H$ $C^{*}(T_{1}, \ldots, T_{N})$ (cyclic)
. ,
$k_{\infty}^{-}(\tau_{N})=\log N$ .
(5) $\mathrm{F}_{N}=\langle x_{1}, \ldots, x_{N}\rangle$ $\lambda$ .






20(cf. [LM]) $A$ (alphabet) ,
$A^{\mathbb{Z}}$
$\sigma$
. (subshift) $X$ , $A^{\mathbb{Z}}$ ,
$\sigma_{X}$ . $n$
$\mathcal{W}_{n}(X)$ , $w_{n}(X)$ .
$\mathcal{W}_{n}(X)=$ {$w=(a_{1},$ $\ldots,$ $a_{n})\in A^{n}|w$ occurs in $X$ }.
56
$(X, \sigma_{X})$ , (topological entropy)
$h(X)= \lim_{narrow\infty}\frac{\log w_{n}(X)}{n}$
.
21(cf. [Mat]) $X\subseteq A^{\mathbb{Z}}$ , $\mathcal{F}x$
$F_{X}=\mathbb{C}\xi_{0}\oplus\oplus \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}\{\xi_{a_{1}}\otimes\cdots\otimes\xi_{a_{n}}n\in \mathrm{N}|(a_{1}, \ldots, a_{n})\in \mathcal{W}_{n}(X)\}$
,
. , $\{\xi_{a}\}_{a\in A}$ .
$a\in A$ , $F_{X}$ $T_{a}$ .
$T_{a}\xi_{0}$ $=$ $\xi_{a}$ ,
$T_{a}\xi_{a_{1}}\otimes\cdots\otimes\xi_{a_{n}}$ $=$ $\{$






, $P_{0}$ $\mathbb{C}\xi_{0}$ . , $n$




22 $A=\{1, \ldots, N\}$ $X=A^{\mathbb{Z}}$





23([Oka2, Proposition 3.1]) $X$ ,
$k_{\infty}^{-}(\tau_{X})\leq h(X)$ .
57




$\sum_{a=1}^{N}[X_{a}, T_{a}]\in \mathrm{C}_{1}(H)+\mathrm{B}(H)_{+}$ .
,
$| \mathrm{n}(\sum_{a=1}^{N}[X_{a}, T_{a}])|\leq k_{\Phi}(\tau)\sum_{i=1}^{N}||X_{i}||_{\Phi^{*}}^{\sim}$
. , $||X_{1}.||_{\Phi^{*}}^{\sim}= \inf_{\mathrm{Y}\in \mathrm{F}(H)}||X_{i}-\mathrm{Y}||_{\Phi}*$ .
25(cf. [DGS]) $m\in \mathbb{Z}$ $w=(a_{1}, \ldots, a_{n})\in \mathcal{W}_{n}(X)$ ,
$m[w]=\{(x_{i})_{*\in \mathbb{Z}}.\in X|x_{m}=a_{1},$
$\ldots$ ,xm+n-l=a
. , $m=0$ $[w]$ . $X$
$\mu$ . .
(1) $\sum_{a\in A}\mu([a])=1_{j}$
(2) $\mu([a_{1}, \ldots,a_{n}])=\sum_{a\mathrm{o}\in A}\mu([a_{0},a_{1}, \ldots,a_{n}])$ ;
(3) $\mu([a_{1}, \ldots,a_{n}])=\sum_{a_{n+1}\in A}\mu([a_{1}, \ldots,a_{n},a_{n+1}])$ .
$X$ $\beta=(B_{1}, \ldots, B_{n})$ ,
$I_{\mu}( \beta)=-\sum_{B\in\beta}\log\mu(B)\chi_{B}$
,
. $\chi_{B}$ $B$ . $\beta_{1},$ $\ldots,$ $\beta_{k}$ ,
$\mathrm{V}_{\dot{\iota}=1}^{k}\beta_{i}$ .
$\{i=\cap^{k}B_{i}|1B_{i}\in\beta_{i},$ $1\leq i\leq k\}$ .
$H_{\mu}( \beta)=-\sum_{B\in\beta}\mu(B)\log\mu(B)$
58
$t\mathrm{f}9^{r}\neq^{\neg}.1\rfloor\beta\sigma)\mathrm{I}^{\backslash }/\vdash\square \mathrm{k}^{\mathrm{O}}-$ ( $\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{y}$ of the partition $\beta$ ) $k\mathbb{H}^{\backslash \prime_{\wedge}}\#\mathrm{f}^{\backslash }\backslash *\llcorner^{\vee}\zeta\backslash \epsilon_{)}$ . $\epsilon$
,
$h_{\mu}( \beta, \sigma_{X})=.\lim_{narrow\infty}\frac{1}{n}H_{\mu}(\vee\sigma_{X}^{-i}(\beta))n-1i=0$





, (maximal measure) .
26 . (cf. [DGS])
.
27([Oka2, Theorem 3.2]) $X$
$\mu$ .
$\epsilon>0$ , .$\cdot$
$\sum_{n=1}^{\infty}\mu(\{x\in X$ : $| \frac{1}{n}I_{\mu}(_{\dot{\iota}=0}^{n_{\overline{\vee}^{1}\sigma_{X}^{-\dot{\iota}}\beta)}}(x)-h_{\mu}(\sigma_{X})|>\epsilon\})<\infty$ ,












$\sum_{a\in A}[X_{a}, T_{a}]=\sum_{a\in A}X_{a}T_{a}-T_{a}X_{a}=P_{0}$
. 24 $||X_{a}||_{1}^{+}\sim$
. . 23 $h=$


















29 ([OJca2, Corollary 33]) $A$ 0 1 $N\cross N$
. $\Sigma_{A}$ .
$\Sigma_{A}=\{(a_{i})_{i\in \mathbb{Z}}\in S^{\mathbb{Z}}|A(a_{i}, a_{i+1})=1\}$ .
$S=\{1, \ldots, N\}$ . , $\tau_{A}$ ,
$k_{\infty}^{-}(\tau_{A})=h(\Sigma_{A})$ .
.
30(cf. [Pet]) $X$ $\epsilon>0$ ,
space of finite type $\Sigma\subseteq X$ ,
$h(X)-\epsilon<h(\Sigma)$
, $X$ almost sofic .




32 $X$ $k_{\infty}^{-}(\tau_{X})=h(X)$ ,
.
3- Macaev
33 $\Gamma$ $S(e\not\in S, S=S^{-1})$
. ,
$l_{s}(g)= \inf${ $n|s_{1},$ $\ldots,$ $s_{n}\in S$ such that $g=s_{1}\cdots s_{n}$ } $(g\in\Gamma)$
, (word-metric) . $n$
$\mathcal{W}_{n}(\Gamma, S)$ . ,
$v_{S}= \lim_{narrow\infty}\frac{\log|\mathcal{W}_{n}(\Gamma,S)|}{n}$
(volume) . , $|\cdot|$ .








35([Oka2, Proposition 42]) $H$
$G_{1},$
$\ldots,$
$G_{N}$ $\mathbb{Z}\cross H$ . $G_{:}$ $S_{i}$
$G_{i}\backslash \{e\},$ $\{x_{i}, x_{i}^{-1}\}\cross H$ . $\{x_{i}, x_{i}^{-1}\}$ $\mathbb{Z}$
. $\Gamma=*_{H}G_{i}$ $S= \bigcup_{1\leq i\leq N}S_{\dot{l}}$
$k_{\infty}^{-}(\lambda_{S})=v_{S}$
. $\mathrm{F}_{N}=\langle x_{1}, \ldots, x_{N}\rangle$ $S=$
$\{x_{1}, \ldots, x_{N}, x_{1}^{-1}, \ldots, x_{N}^{-1}\}$ ,
$k_{\infty}^{-}(\lambda_{S})=\log(2N-1)$
.
36 Voiculescu [VOi4] $k_{\infty}^{-}(\lambda s)$ :
$S$
$\mu$ $h(\Gamma, \mu)\neq 0$
, $k_{\infty}^{-}(\lambda s)\neq 0$ . , $h(\Gamma, \mu)$ -
.
, 35 .$\cdot$
( ) $v_{S}\neq 0\Rightarrow k_{\infty}^{-}(\lambda_{S})\neq 0$
Vershik [Ver]
$h(\Gamma, \mu)\neq 0\Rightarrow v_{S}\neq 0$
Voiculescu . 34
$\Gamma$ has exponensial growth (i.e. $vs\neq 0$) $\Leftrightarrow k_{\infty}^{-}(\lambda s)\neq 0$
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